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Abstract The structure, function, and composition of
the basement membrane of the glomerular capillaries of
the mammalian kidney have been extensively studied,
in light of the membrane’s important physiological role
in glomerular filtration of macromolecules and of its
frequent involvement in renal diseases. An analytical
mathematical model, based on the fiber matrix theory,
was developed to describe the dynamics of the permse-
lective function of the glomerular capillary barrier using
mainly its hemodynamic and morphometric variables.
The glomerular basement membrane was represented as
a homogeneous three-dimensional meshwork of fibers of
uniform length (Lƒ), radius (Rƒ), and packing density
(Nƒv) and characterized by a local Darcy permeability (a
measure of the intrinsic hydraulic conductance of the
glomerular basement membrane). The model was ap-
propriate for simulating in vivo fractional clearance data
of neutral test macromolecules from an experimental rat
model. We believe that the Lƒ and Rƒ best-fit numerical
values, characterizing a glomerular basement membrane
geometrical arrangement, may represent diagnostic
measures for renal function in health and disease. That
is, these parameters may signify new insights for the
diagnosis of some human nephropathies and possibly
may explain the beneficial effects and/or sites of action

of some pharmacological modifiers (e.g., angiotensin
converting enzyme inhibitors).

Keywords Fiber matrix theory Æ Hydraulic
permeability Æ Darcy permeability Æ Fractional
clearance Æ Mathematical modeling

Introduction

The complexity of the function and structure of the
human kidney has inspired many researchers to analyze
the nature of the alterations produced by renal patho-
logies in the intrinsic structure of the kidney (Farquhar
and Palade 1961; Brenner et al. 1978; Mayers and
Guasch 1993; Kalluri et al. 1997). With specific regard to
the renal glomerulus, studies have shown that its func-
tion is to filter blood, producing a protein-free filtrate of
the plasma while retaining the cellular elements of the
blood and plasma proteins in the circulation (Tisher and
Madsen 1991). Clearance studies carried out by physi-
ologists since the 1950s using various probe molecules
established that the glomerular capillary wall (GCW), as
a whole, has both size-selective and charge-selective
properties (Brenner et al. 1978), meaning that the pas-
sage of macromolecules across the GCW is increasingly
restricted as their size and net negative charge increase
(Farquhar 1975, 1991). To determine the mechanisms
involved in the selectivity of the capillary wall of various
human organs, many investigators have evoked the fiber
matrix theory (i.e., the hypothesis that a random net-
work of fibers located in or between the endothelial cells
is the principal determinant of selectivity) (Michel 1978;
Curry and Michel 1980; Fisher 1982; Curry 1984;
Robinson and Walton 1989; Adamson 1992; Katz 1992).
The concepts behind this theory were first introduced by
Ogston, who developed mathematical formulas for the
exclusion and diffusion of molecules in a uniform ran-
dom suspension of fibers (Ogston 1958; Ogston et al.
1973). In the present study, we developed a mathemat-
ical model, based on the fiber matrix theory, to describe
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the dynamics of combined transport of water and mac-
romolecules across the GCW. The permselective func-
tion of the GCW was shorthanded mathematically to fit
the experimental results of the fractional clearance of
neutral graded-size macromolecules in healthy Munich-
Wistar (MW) and control Munich-Wistar Frömter
(MWF) rats subjected to micropuncture and morpho-
metrical analysis.

Methods

Glomerular basement membrane biochemical
and geometrical aspects

A three-dimensional (3D) network of irregular, poorly outlined
strands observed at high magnification has been found to be the
characteristic structure of basement membranes (Inoue and
Leblond 1988). The strands consist of ubiquitous aggregates of at
least five substances: a type IV collagen arranged as an axial fiber,
three glycoproteins (laminin, nidogen, and fibronectin), and a pro-
teoglycan (heparan sulfate) (Laurie et al. 1982; Sanes 1982; Timpl
and Martin 1982; Laurie et al. 1984; Grant et al. 1985; Grant 1987).
The model’s unit element was defined as a type IV collagen tetramer
(four collagen molecules connected at their 7S domain) (Mohamed
1994). This unit element forms a scaffold onto which other protein
molecules can be incorporated to form an ideal basement mem-
brane. We postulate that the arms of the collagen tetramer are
distributed symmetrically in space (Fig. 1A). Laminin-1 molecules,
with the aid of nidogen molecules, are attached to the collagen unit
element, with their arms extending along the arms of this unit
element, passing though the interfibril spaces. Double tracks of
heparan sulfate proteoglycan wind their way up to the surface of the
collagen unit element (Fig. 1B). Based on the unit element of
Fig. 1B, we simulated (MiniCAD 6, Vectorworks, Nemetschek,
USA) an ideal unit element consisting of four joined cylinders of
uniform length (Lƒ) and radius (Rƒ) and arranged symmetrically in
space (Fig. 1C). Figure 2 is a top view of a 3D section of an ideal
glomerular basement membrane (GBM) produced by the simple
repetition of the unit element of Fig. 1B along Cartesian coordi-
nates (x, y, and z). The diffusion of solute molecules in the matrix
depends on their radius and on the fiber’s dimensions and density,
which define the restrictive characteristics of the meshwork.

Assumptions and definitions

The GBM is considered to be a continuous homogenous mem-
brane, which is entirely available for filtration and which consists of
a 3D meshwork of symmetrical fibrous unit elements (Fig. 1B).
Each arm of the fibrous unit element is considered to have the same
Lƒ and Rƒ (Fig. 1C). The meshwork is uniform in density; thus the
number of fibers per unit volume (Nƒv) is constant throughout the
meshwork. Since the system of fibrous unit elements is isotropic,
for any element of volume, fiber orientation is defined by the angle
between the fiber and a given line. In accordance with the definition
of Ogston (1958), the size of spaces is defined by randomly
choosing a point of origin in the meshwork and expanding a
spherical surface from this point until it makes tangential contact
with the nearest point between the joint ends of the arm of a fibrous
unit element.

Mathematical formulation

The symmetrical nature of the fibrous unit element provides a
simple geometrical means to determine fiber density (Nƒv) in the
fibrous meshwork. At any arbitrary point in the meshwork, a fi-
brous unit element is contained in an imaginary right hexagonal
prism (Fig. 3) and Nƒv is given by:

Nfv ¼ 8
.

3
ffiffiffi
3

p
L3

f cos 19:5ð Þ2 1 þ sin 19:5ð Þ
h i

cm�3
� �

ð1Þ

For the sake of geometric simplicity, in making the calculations
below, the ideal GBM was based on the ideal unit element in
Fig. 1C. The total fractional solid volume (Vƒ) of the matrix of
cylindrical fibers is given by:

Fig. 1 A Schematic presentation of the fiber matrix unit element
(type IV collagen tetramer) distributed symmetrically in space. B
Other glomerular basement membrane proteins (laminin-1, hepa-
ran sulfate proteoglycan, and nidogen) connected to the collagen
type IV unit element. C Computer simulation, using a commer-
cially available software package, of an ideal unit element of
characteristic length Lƒ and radius Rƒ, based on the unit element
in B
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Vf ¼ pR2
f NfvLf � CF ð2Þ

where CF ¼ 2=3pNfvR3
f is a correction factor for the joined ends of

the cylinders.
On the basis of the aforementioned assumptions (see above), we

will derive a form for the probability distribution of spaces of size
Rƒ in the 3D isotropic meshwork of joined fibrous unit elements
shown in Fig. 2. The number of fibers with orientation angle Y
laying at a tangential distance between Rƒ and Rƒ+dRƒ from a
point of origin in the meshwork is given by:

dNtð ÞRf ;W
¼ 4pNfvR2

f dRf dW
�

sin2W ð3Þ

To obtain the total number of fibers at a tangential distance
between Rƒ and Rƒ+dRƒ from the origin, we integrate the last
equation in the interval between cot–1Lƒ/2Rƒ and p/2 and express
the total number of tangential contacts in terms of the unit increase
in surface area of the sphere as it expands within the meshwork of
fibers, which is given by:

dNt=dS ¼NfvLf=4 ð4Þ

The size of spaces within the fibrous meshwork is defined by taking
an arbitrary origin in the meshwork and expanding a spherical
space around it until it reaches the nearest fiber. The probability
(dP) that the spherical space lies between Rƒ and Rƒ+dRƒ is the
combined probability that no tangential contact occurs within Rƒ

of the origin (1–dNt) and at least one tangential contact (dNt) oc-
curs between Rƒ and Rƒ+dRƒ is given by the binomial distribution:

dP ¼ n!= n� 1ð Þ! dNt=dSdSð Þ 1 � dNt=dSdSð Þn�1 ð5Þ

which is based on the assumption that changes in surface area as Rƒ

expands from the point of origin to Rƒ are divided into equal in-
crements (dS). In the limit of very large numbers of n, the binomial
distribution (Eq. 5) reduces to a Poisson distribution, which rep-
resents the probability distribution of spaces of size Rƒ in a 3D
meshwork of joined fibrous unit elements on the basis of neglecting
the contribution of end-on contacts, since all unit element arm ends
are connected to each other, given by:

dP=dRf ¼ 2pRfNfvLf exp �pR2
f NfvLf

� �
ð6Þ

This formula is the same as the formula derived on the basis of
neglecting the contribution of end-on contacts because the fiber
length was supposed to be much larger than fiber radius (i.e.,
Lƒ�Rƒ) (Ogston 1958; Curry 1984).

The extent to which a solute of radius a penetrates the mesh-
work is determined by the probability distribution of spaces with
effective radii greater than a+Rƒ. The integration of Eq. (6) gives

the fraction of network volume (Kaƒ) that will accommodate a
solute of radius a, given by:

Kaf ¼ exp �p aþ Rfð Þ2NfvLf

h i
ð7Þ

On basis of Eq. (7), the partition coefficient (Fƒ), defined as the
space available to a solute of radius a relative to the space available
only to water (i.e., a=0) (Ogston et al. 1973; Curry 1984), can be
given by:

Uf ¼ exp Vf � Vf 1 þ a=Rfð Þ2
h i

ð8Þ

The molecular diffusion is described as the mechanism whereby
low-molecular-weight hydrophilic and lipophilic solutes cross the
GCW. For larger molecules, both diffusion and solvent drag de-
termine the transcapillary flux (Ogston et al. 1973; Curry 1984). On
the basis of Eq. (7), the diffusion coefficient (Dƒ) is thus given by:

Df ¼ D0exp �V 1=2
f 1 þ a=Rfð Þ

h i
cm2 s�1
� �

ð9Þ

where D0 is the free diffusion coefficient for an ideal solution of
Stokes-Einstein spheres at 37 �C. It has a magnitude of 3.24·10–5/a
(cm2 s–1) if a is measured in angstroms (Å). Equations (8) and (9)
are then used to calculate the solute permeability coefficient (ksƒ) of
a membrane consisting of fibrous molecules (Curry 1984), which is
given by:

ksf ¼ AnetUfDf=SDx cm s�1
� �

ð10Þ

where Anet is the membrane area available for filtration, S is the
total membrane surface area, and Dx is the membrane thickness.

The volume flux (Jv) is approximated by a function which is
qualitatively correct and which satisfies the overall conservation of
volume and test solutes for an entire capillary or glomerulus (Deen
et al. 1985), given by:

Jv yð Þ ¼ Jva � e�byðcm s�1Þ ð11Þ

where Jva is the volume flux at the afferent end of the capillary and
b is a constant. At the afferent end of the capillary, Jva=kh(DP–Pa),
since Pa=Pg, where kh is the GCW hydraulic permeability, DP is

Fig. 3 The fiber matrix unit element of arm length Lƒ is contained
in an imaginary right hexagonal prism of a side length Lƒ cos(19.5)
and height Lƒ+Lƒ sin(19.5)

Fig. 2 Top view of a three-dimensional section of an ideal fiber
matrix glomerular basement membrane together with permeating
molecules of varying radius (labeled as 1, 2, and 3)
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the difference in the transmembrane hydraulic pressure, and Pa is
the colloid osmotic pressure at that point.

The membrane hydraulic permeability (kh) is given by one of
three formulas. The first is referred to as the hydrodynamic drag
model (Curry 1984). It describes the drag forces exerted by fibers,
which determine the pressure drop from parallel and perpendicular
flow through randomly distributed fibers. kh and the relative Darcy
permeability (kd) are given by:

kh ¼ 3R2
f Anet 1 � Vfð Þ

�
4gSDxVf cm s�1 mmHg�1

� �
ð12aÞ

kd ¼ 3R2
f 1 � Vfð Þ

�
4Vf cm2

� �
ð12bÞ

where g is the glomerular filtrate viscosity, taken to be that of water
at 37 �C (0.007 g cm–1 s–1).

The second model is referred to as the hydraulic radius model
(Curry et al. 1983). The hydraulic radius is defined as the volume
available for water flow within the fibrous material divided by the
surface area in contact with water. It describes water flow through
a fibrous network within the principal water pathway of the cap-
illary wall. kh and relative kd are given by:

kh ¼ AnetR2
f 1 � Vfð Þ3

.
4GgSDxV 2

f cm s�1 mmHg�1
� �

ð13aÞ

kd ¼ R2
f 1 � Vfð Þ3

.
4GV 2

f cm2
� �

ð13bÞ

where G is the dimensionless Kozeny-Carman constant.
The third model we refer to as the numerical analysis model

(Palassini and Remuzzi 1998). It describes water flow through
viscous media. kh and relative kd are given by:

kh ¼ uR2
f Anet � ln Vfð Þv=gSDx Vfð Þw cm s�1 mmHg�1

� �
ð14aÞ

kd ¼ uR2
f � ln Vfð Þv= Vfð Þw cm2

� �
ð14bÞ

where u, v, and w are constant numerical values estimated by non-
linear least-square fitting of numerical simulations of the viscous
flow.

The dimensionless Péclet number (Pe) is defined as the ratio of
the convection to diffusion velocities of a solute (Curry 1984). In a
fibrous meshwork, Pe is given by:

Pe ¼ Jv yð Þ 1 � rfð Þ=ksf ð15Þ

where ksƒ is the solute permeability coefficient (given by Eq. 10),
Jv(y) is the volume flux (given by Eq. 11), and rƒ is the solvent-drag
reflection coefficient. Assuming the hydraulic radius model, the
flow between fibers can be described in a first approximation as
‘‘pseudo-Poiseuillean’’, and the relative form of rƒ in a fibrous
network is thus given by:

rf ¼ 1 � Ufð Þ2 ð16Þ

The solute flux, Js(y), in terms of the concentration of solutes on
the inner and outer sides of the GCW [C1(y) and C2, respectively]
and the volume flux [Jv(y)] (Curry 1984) is given by:

Js yð Þ ¼ Jv yð Þ 1 � rfð Þ C1 yð ÞePe � C2

� 	�
ePe � 1
� �

mol s�1 cm�2
� �

ð17Þ

In the steady-state ultrafiltration, a simple mass balance on the
solute on the (outer) low-pressure side of the homogeneous mem-
brane requires the solute concentration on the outer side to be
constant [i.e., C2 ¼ Js yð Þ=Jv yð Þ] (Curry 1984). The concentration of
solutes along the inner side of the GCW, C1(y), can be approxi-
mated by a function (Deen et al. 1985) given by:

C1 yð Þ ¼ C1a 1 þ ci 1 � e�by� �� 	
molð Þ ð18Þ

The constant ci is given by:

ci ¼ FF 1 � hið Þ
�

1 � FFð Þ 1 � e�b� �
ð19Þ

where FF is the filtration fraction of water and hi is an initial guess
of the solute fractional clearance. Since the rate at which C1(y)
increases is closely related to the volume flux, then on substituting
C2, C1(y), and Jv(y), Eq. (17) becomes:

Js yð Þ¼C1aJva 1�rfð Þ 1þai 1�e�by� �� 	
ePe�by� ePe�rf

� �
mol s�1 cm�2
� �

ð20Þ

The solute fractional clearance, defined as the ratio of the solute’s
concentration in the filtrate to that in the plasma (Deen et al. 1985),
is given by:

h¼1=C1a

Z 1

0

Js yð Þdy
�Z 1

0

Jv yð Þdy ð21Þ

Substituting Jv(y) and Js(y) (Eq. 11 and Eq. 20, respectively),
Eq. (21) becomes:

h ¼ a
R 1

0 1þb 1�e�by
� �� 	

ePe�by
�

ePe�rfð Þdy
=1þab

R 1

0 1�e�by
� �

ePe�by
�

ePe�rfð Þdy
ð22Þ

where a¼b 1�rfð Þ
�

1�e�b
� �

and b¼FF
�

1�FFð Þ 1�e�b
� �

. Equa-
tion (22) is an analytical mathematical description of the fractional
clearance of any test macromolecule. Based on this formula, we
fitted the experimental fractional clearance of neutral test macro-
molecules, measured in the experimental rat model.

Method of solution

The numerical integrations of the continuous real-valued function
h=h(Lƒ, Rƒ, a) (given by Eq. 22), where Lƒ and Rƒ2Rn and a2R,
were calculated using the Simpson’s composite quadratures
(Johnson and Riess 1982). We fitted the experimental fractional
clearance data [hi(expt)] of test macromolecules of varying size
(a=2.6–6.4 nm) for the MWF and MW rat strains by finding the
optimal values of Lƒ and Rƒ that minimized the weighed sum of the
squared errors, given by:

v2 ¼
Xn
i¼1

hi exptð Þ � hi Lf;Rf; aið Þð Þ=ri½ �2 ð23Þ

where n is the number of data points in the fractional clearance
curve and ri is the standard error of hi (expt). We developed a non-
linear least-square fitting program (Landriani et al. 1983) in Visual
Basic 6 code (Edulearn, Md., USA) running on a Pentium 4 PC to
find the best-fit Lƒ and Rƒ values.

The model’s analytical equations were implemented into the
non-linear least-square program, as shown by the simplified flow-
chart of Fig. 4. The glomerular hemodynamic variables (columns A
and C, Table 1) were used to calculate the ultrafiltration coefficient
(kƒ) (step I), as described elsewhere (Deen et al. 1972). The glom-
erular ultrastructural morphometric variables (columns B and D,
Table 1), in addition to the kƒ resulting from step I, were used to
calculate the overall hydraulic permeability (ktot) of the GCW [and
the relative contribution of its layers (endothelium, GBM, and
epithelium) to the total water flow resistance] and the local Darcy
permeability (kd) (step II) (Drumond and Deen 1994). Once an
initial guess of Lƒ is provided by the non-linear least-square fitting
program, Rƒ is calculated using a bisection algorithm, which
compares the kd of step II and theoretical kd calculated on the basis
of any of Eqs. (12b), (13b), and (14b) (step III). The theoretical
fractional clearance [hi (Lƒ, Rƒ, a)] is calculated using numerical
integrations of Eq. (22) (step IV). The numerical solution hi (Lƒ, Rƒ,
a) of step IV is compared with the relative experimental observa-
tion at a given solute radius [hi(expt)], minimizing the weighed sum
of the squared errors (v2) given by Eq. (23) (step V). On basis of the
convergence of the lowest v2 value, the program terminates in giving
an output file containing experimental and predicted fractional
clearances and the model optimal output parameters Lƒ, Rƒ, Vƒ,
and v2, together with descriptive statistical measures.
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Results and discussion

Parameter values

The representative hemodynamic and morphometric
input variables for MW rats (Oliver et al. 1992; Dru-
mond and Deen 1994) and control MWF rats (Re-
muzzi et al. 1990; Iordache et al. 1994) are summarized
in Table 1. The ultrafiltration coefficients and micro-
hydrodynamic variables for both rat strains, as calcu-
lated using the glomerular ultrafiltration model (Deen

et al. 1972) and the structural determinants model
(Drumond and Deen 1994), respectively, are summa-
rized in Table 2. The hydraulic permeability for the
total GCW (ktot) and for the individual epithelial and
GBM layers (kep and kbm, respectively) was lower for
the MWF rats compared with the MW rats, as a result
of differences in morphometric measurements between
rat strains. The estimated local GBM Darcy perme-
ability (kd) was also lower for MWF rats compared
with MW rats. Given that the local Darcy permeability
provides an approximate indication of the porosity of

Fig. 4 A simplified flowchart of the non-linear least-square fitting
program. Step I: hemodynamic input variables are fed to calculate
the ultrafiltration coefficient (kƒ). Step II: morphometric variables
and kƒ are fed to calculate the glomerular basement membrane
local Darcy permeability (kd) and individual layer hydraulic
permeability contribution. Step III: applying a bisection algorithm,
the program calculates the fiber radius Rƒ. Step IV: the program
calculates the fractional clearance by numerically integrating
Eq. (22). Step V: the program tests the convergence of the
numerical solution of the lowest weighed sum of squared errors
given by Eq. (23)

Table 1 Hemodynamic and morphometric input variables mea-
sured for normal euvolumic Munich-Wistar (MW) and control
Munich-Wistar Frömter (MWF) rats

MW MWF

Hemodynamic variables Aa Bb

Single-nephron glomerular filtration
rate, SNGFR (nL min–1)

49.8 47

Afferent plasma flow rate, Qa (nL min–1) 172 161
Afferent plasma protein concentration,
Cpa (g dL–1)

5.2 5.3

Mean glomerular transcapillary
pressure, DP (mmHg)

33.8 38

Morphometric variables Cc Dd

Membrane filtering surface area,
FSA (mm2)

0.16 0.29

Glomerular basement membrane
thickness, dbm (nm)

200 161

Filtration slit frequency, SF (lm–1) 2.78 1.45
Width of the structural unit, W (nm) 360 690
Filtration slit width, Ws (nm) 39 39
Number density of fenestrae,
Nƒ/W (m–1)

8.33·106 8.33·106

Fractional area of fenestrae, �ƒ 0.20 0.20
Fractional area of filtration slits, �s 0.11 0.06
Hydraulic permeability of
endothelium, ken (cm s–1 mmHg–1)

2.67·10–3 2.67·10–3

Hydraulic permeability of epithelial
slits, ks (cm s–1 mmHg–1)

1.05·10–3 1.05·10–3

aOliver et al. (1992)
bRemuzzi et al. (1990)
cDrumond and Deen (1994)
dIordache et al. (1994)

Table 2 Theoretical glomerular capillary wall ultrafiltration coef-
ficients and hydrodynamic variables calculated for the Munich-
Wistar (MW) and Munich-Wistar Frömter (MWF) experimental
rat models

MW MWF

Ultrafiltration coefficients
Glomerular ultrafiltration coefficient,
kƒ (nL min–1 mmHg–1)

4.26 3.06

Hydrodynamic variables
Hydraulic permeability of epithelium,
kep (cm s–1 mmHg–1)

1.13·10–4 0.59·10–4

Hydraulic permeability of GBM,
kbm (cm s–1 mmHg–1)

0.75·10–4 0.25·10–4

Total GCW hydraulic permeability,
ktot (cm s–1 mmHg–1)

0.44·10–4 0.18·10–4

Local membrane Darcy permeability,
kd (nm2)

1.66 0.99
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the basement membrane and of the radius of the
constituent fibers, we deduce that the differences in kd

between the two rat strains might derive from differ-

ences in the spatial array, dimensions, and/or structure
of the fibrous unit element.

Simulations of in vivo dextran clearance data
from MWF rats

We chose the experimental dextran clearance data in the
MWF rat strain to represent homoporous models, since
this data set has been shown to be different from most
other clearance studies in that there is no evidence for a
second large pore or shunt when simulated using the
conventional log-normal distribution pore model
(Remuzzi et al. 1990). The non-linear least-square fitting
curves of the fiber matrix model to the MWF rat strain
clearance data are plotted in Fig. 5A. Different model
forms, based on the hydraulic permeability formulas
(Eqs. 12a, 13a, 14a) [h(hydrodynamic drag), h(hydraulic
radius), and h(numerical analysis)], fitted the clearance
data well. The optimal fiber dimensions for each simu-
lation are provided in Table 3, together with the v2

values as a measure of goodness of fit. The optimal Lƒ

and Rƒ provided by h(hydrodynamic drag) (5.06 nm and
2.00 nm, respectively) are consistent with measurements
from electron microscopy studies (Leblond and Inoue
1989) (mean Lƒ=5.80 nm, with Rƒ=1.50–2.00 nm). The
model h(hydraulic radius) provided an optimal Lƒ of
4.67 nm and an Rƒ of 1.05 nm, which are also consistent
with the values obtained with electron microscopy; the
Rƒ is very similar to that of type IV collagen (�1 nm)
(Timpl and Martin 1982). The estimates provided by
h(numerical analysis) are comparable to those of h(hy-
draulic radius) (see Table 3). In addition, the total
fractional solid volume of fibers (Vƒ) provided by h
(hydrodynamic drag) constitutes �50% of the GBM
volume, which far exceeds the 10–20% found by in vitro
quantifications of GBM dry weight (Gekle et al. 1966;
Daniels et al. 1992). However, the Vƒ for h(hydraulic
radius) and h(numerical analysis) (18% and 14%, re-
spectively) was within these limits. Although h(hydraulic
radius) and h(numerical analysis) were not visually dif-
ferent (Fig. 5A), h(hydraulic radius) had a lower v2

value (1.46) in comparison with h(numerical analysis)
(1.74) (Table 3). We thus deduce that the h(hydraulic
radius) fiber matrix model is the most suitable model for
simulating dextran clearance data.

Fig. 5 A Different fiber matrix model curve fittings to experimental
fractional clearance of dextrans (solid circles) measured for MWF
rats (Remuzzi et al. 1990), shown as mean±SD. The curve shape
depends on the hydraulic permeability model implemented (solid
line, hydraulic radius; dashed line, hydrodynamic drag; dotted line,
numerical analysis). B Comparison between the fiber matrix model
[h(hydraulic radius), solid line] and the log-normal pore model
(dashed line) fitting curves to experimental clearance of dextrans
(solid circles) (Remuzzi et al. 1990). The fiber matrix model fits well
with all solute ranges. C Fiber matrix model [h(hydraulic radius)]
fitting curves (solid line) for experimental fractional clearance of
dextrans (solid circles) and ficolls (open circles) measured for the
MW rats (Oliver et al. 1992). Experimental measurements are
shown as mean±SE

Table 3 Fiber matrix model output variables calculated on the basis of different hydraulic permeability models in comparison with pore
model output variables. Optimal values were obtained by non-linear least-square fitting to experimental fractional clearance [hi (expt)]
data from MWF rats

Fiber matrix model Lƒ (nm)a Rƒ (nm) Vƒ v2

Hydrodynamic drag model 5.06 2.00 0.47 1.44
Hydraulic radius model 4.67 1.05 0.18 1.46
Numerical analysis model 4.60 0.90 0.14 1.74
Pore model l S v2

Log-normal distribution 42.94 1.19 0.94

aLƒ, fiber length; Rƒ, fiber radius; Vƒ, fractional fibers solid volume; v2, weighed sum of squared errors; l, mean pore radius; S, standard
deviation of pore distribution
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For comparison purposes, we applied a log-normal
distribution pore model (l=42.94 and S=1.19) to fit the
same dextran clearance data (Remuzzi et al. 1990).
Figure 5B demonstrates the capability of both the
h(hydraulic radius) model and the log-normal pore
model to fit experimental clearance data. Although the
pore model has a better v2 value (0.94) than the h(hy-
draulic radius) model (1.46), the latter provides a more
realistic morphological description of the GBM (see
Table 3).

Simulations of in vivo dextran and ficoll clearance
data from MW rats

Moreover, we applied the h(hydraulic radius) model to
mathematically simulate other clearance data of exper-
imental test macromolecules (dextrans and ficolls) in the
MW rat strain (Oliver et al. 1992). Figure 5C plots both
experimental data points and their relative fitting curves,
which did not adhere perfectly. This is consistent with
similar observations for the same clearance data yet
using a hydrodynamic model for hindered transport of
macromolecules through a planar row of infinitely long
cylinders spanning the glomerular slit diaphragms
(Drumond and Deen 1995). A possible explanation of
this finding is that these dextran and ficoll clearance data
in the MW rat strain are bimodal, which has been pre-
viously shown to be poorly described by homoporous
models (including the log-normal pore distribution
model), requiring the presence of shunts (or large pores)
(Oliver et al. 1992). This suggests that the present
h(hydraulic radius) model behaves as a homoporous
model, since it simulated dextran clearance data in the
MWF rat strain better than the two-pore dextran and
ficoll clearance data in the MW rat strain.

Analysis of the fiber matrix model

Based on optimal fiber matrix output variables (Table 3),
we analyzed the specific functions of the fiber matrix
model (Eqs. 8, 9, and 15). The partition coefficient Fƒ

describes the probability distribution of space available
to a solute of radius a. The extent to which this solute
penetrates a fiber meshwork (with a characteristic fiber
radius Rƒ) is determined by the probability distribution
of spaces with actual radii larger than a+Rƒ (Ogston
1958; Curry 1984). Figure 6A plots the mathematical
predictions of the exclusion power of a 3D meshwork of
fibers at different Vƒ values. A fiber meshwork with a Vƒ

of 0.47 has a greater exclusion power than a meshwork
with a Vƒ of 0.18 or 0.14. The exclusion power increases
with increasing permeating molecular radius a or specific
fiber Lƒ and/or Rƒ (Eq. 8), which is verified by the Fƒ

decrease along four orders of magnitude. Moreover, the
fractional diffusion coefficient Dƒ/D0 (Eq. 9) decreases
linearly with increasing permeating molecular radius a at
different Vƒ values (Fig. 6B). We can deduce that the

radius of dextran molecules (a=2.6–6.4 nm) (Remuzzi et
al. 1990) varies from 1.3Rƒ to 3.2Rƒ in the h(hydrody-
namic drag) model. Although the radii greatly differ for
the h(hydraulic radius) and h(numerical analysis) models
(2.5–6.1Rƒ and 2.9–7.1Rƒ, respectively) with respect to
the radii in the h(hydrodynamic drag) model, the differ-
ence had minor effects on the Dƒ/D0 value, which
decreases linearly, on average, from 0.21 to 0.05, with
increasing permeating molecular radius. The exclusion
power of the GBM in the present study is about three
times greater than the theoretical exclusion power pre-
dicted by computer simulations for random fiber
arrangements (Dƒ/D0=0.60–0.10) (Booth and Lumsden

Fig. 6 A Mathematical predictions for exclusion in a 3D symmet-
rical meshwork of fibers, presented by the partition coefficient (Fƒ).
As the solute radius increases, the fiber matrix restricts the passage
of the solute. A fiber matrix with a fractional solid volume (Vƒ) of
0.47 (solid line) restricts solutes more effectively than a matrix with
a Vƒ of 0.18 (dashed line) or 0.14 (dotted line). B Linear decrease in
the fractional diffusion coefficient Dƒ/D0 in a 3D symmetrical
meshwork of fibers. Note the minimal differences among functional
behaviors at the three fiber matrix densities. Note also the low
diffusion of large solutes (radius range 4.8–6.4 nm) of the
hydrodynamic drag (solid line) model. C Functional dependence
of the Péclet number on permeating solute radius. For a highly
dense matrix the hydrodynamic drag (solid line) Pe values range
from 0.5 to 4.9 for a solute radius ranging from 2.6 to 6.4 nm. For
less dense matrices, i.e. hydraulic radius (dashed line) and numerical
analysis (dotted line), the Pe ranges from 0.1 to 1.6 for the same
range of solute radius
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1993). Finally, the dimensionless Péclet number (Eq. 15)
is defined as the ratio of convection velocity to diffusion
velocity of a permeating solute. The Pe increases pro-
portionally with the solute radius (Fig. 6C). For a very
dense matrix [h(hydrodynamic drag)], Pe increases very
rapidly with increasing radius, whereas for less dense
matrices [h(hydraulic radius) and h(numerical analysis)],
the Pe is comparatively low for the same range of radii
and increases less rapidly.

Conclusions

A novel mathematical model, based on the fiber matrix
theory, was developed analytically to interpret previ-
ously published experimental fractional clearance data
of neutral test macromolecules in the MW and MWF
rat strains. The fitting results showed the capability of
the present model to describe the glomerular permse-
lective function and to predict the effects of the he-
modynamic and morphometric variables on GBM
composition in the MWF rat strain. Thus the h(hy-
draulic radius) model can predict the relative effect of
alterations in the hemodynamic and morphometric
variables, resulting from renal pathologies or phar-
macological therapy, on the GBM fiber matrix com-
position given by Lƒ and Rƒ, which may represent
diagnostic measures for renal function in humans. The
results also suggest that the fiber matrix model is just
as suitable for the simulation of fractional clearance
data in vivo as conventional pore models with the
same number of adjustable parameters, yet it is more
realistic and may provide elastic geometrical solutions
for the GBM in various functional states.

One of the model’s basic assumptions is that the
GBM represents the principal size and charge filtration
barrier to circulating macromolecules, as reported by
electron-dense tracer permeability studies using a vari-
ety of anionic and neutral tracers, which did not pen-
etrate beyond the lamina rara interna of the GBM
(Farquhar et al. 1999). This is consistent with the
findings that the GBM constitutes �60% and 70% of
the total hydraulic resistance in the MW and MWF rat
strains, respectively, as calculated using a structural
determinants model for glomerular hydraulic perme-
ability (Drumond and Deen 1994). Attention must be
drawn to the GBM as the only complex and continu-
ous barrier retaining essential blood cellular compo-
nents and plasma proteins in the circulation.
Additional investigations should concentrate on devel-
oping models for asymmetric fibrous unit elements in a
heterogeneous meshwork and/or integrating epithelial
slit pore models (Edwards et al. 1999) for simulating
complex clearance data from proteinuric rats and
nephritic humans.
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